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Orthogonal bases
-

Vector space W with an inner product (F,Ñ ) ,
i.e
.
inner - product space .

✗ = { it ,
Ñ

,
_ . .

, %) basis → LI and spans 111

dim 111 = N

✗ is anor¥b iff
, Ñj) = o if i≠j ,

i ,j = 1,2 , . . . , N

• Nyt : if IÑ; , F.) = 1 ,
we say the basis

is orthonormal (since vectors are normalised
to length 1)

and write (ii.Ñj) = fij
[ Kronecker delta

fij-yoifi-jlifi-j.F-xamples.IR
with conventional dot product

✗= {i.j , Ñ } is an orthonormal basis

i =/ 1 , o, o) j= fi = ( o, o , 1)

•
Ñ ✗ = { i. j ) or E. = Ike , %)

E. = Ike , -%)
-



• Whydefineorthogoudbases?

They are very useful?

Any vector I will take the form
T = a. T, + air + . - - + an TN

where we note that

→ (T.in ) = an /Viii ) + az (viii. ) + . - A- an Fali)

= a, (vi. vi) so
↳

o

= at /if (vi. VT) = 1 (assume normalized

Thus , the inner product allows us to calculate

thec-h.ve#riteTgenerally,v--E.vi)vi+lv-.vi)F-t-..tE.v-n)-vn
[

Projection off in

^

thedirectim&

Geometrically , Algebraically ,
Ñ = (7,3 )

:eiµ→;}lñ% ! E- a. é, + a. ei
i

I a,
= /F. E) = . . . = 1%

ÉEF i a, -15 E) = . . -
= the



•

F-xamplesinspaoesof-futionn.tl
_

Take N to be the space of all linear combinations
of { 1 , × , x2 , ✗3)
with the inner product

(f. g) = f
'

fhdgcxidx
- 1

Clearly ' [ 1. × dx = /
"

xdx = { ✗
' [ = f- f- = °

- A

and J
"

✗ . ✗
2 dx = J

"

x 'd x = . . _ = 0

- 1
- 1

However
, [ 1.1 dx = 2

, § ✗ •✗ dx = 2-3
- 1

and f
"

× . ✗
3 =/ o

- i
= } → it is not orthogonal ?

We
may

normalize

1 → ¥ ,
✗ →¥

,

,
_ . .

but the basis will remain not orthogonal .

What if we want an orthogonal basis in this

space? Can we find one?

YesI → Limitless
(future video ?)



2- Consider {Sint
,
Sinzt

,
Siu 3T

,
_ . _ ]

ITwith
( f. g) = f fltlgltdt

-IT

IT

Then f sinlnt) siulntldt =o if m≠n .

- IT
They are orthogonal ?

These functions are part of the Fourier basis ,
which is essential for Fourier series , as we will
see later .

→-


