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(a.k.a .

"scalar product
"

)Inner product

Given a vector space 14 , an inner product is an
operation involving two 'vectorsÉry " operation)
which associatesa o them . . .

(T , Ñ ) = s
se $ is a scalar

ñ c- 14

are vectors
Notation : F. Ñ
-

<it / I > also common

-
. . Such that :

1- IT , Ñ ) = (ñ , F)
* "

c-njga-epr.pe> "

2- iv. Ñ) = ✗ IT, F) ,

✗E § a scalar

lñ+Fñ ) = (a- , w- , + µ , ☐ ,]
"

Ei
"

3- (FF ) ≥ o

it E. v7 = . then .= f-
"P"iHi "

Notice how much freedom we have to define this operation/
Once we have it

,
we obtain anÉP .

for space with an inner product .

-



Examp :

① Ñ I = ( Y ,
V
, , V3) ( ,

Ñ) = V1We + Vzwa * V3 Ws

Ñ = (Wa , Wa , W3)

• Conjugate property④ (trivial)
• linearity (easy to see)
• positivity↳ µ, g) = vi. + vi + v5 $

② Space 14 generated by real linear combinations of
✗ = { 1 , × ,

x2
,

- - -

, XN} → LI
spans V1 by def.ii. i

o ,
- - .

Every Ñ in V1 is such that

Ñ =
{ Citi

,c.ie#hi=o
I
fix = iÉ; Cixi ✗ c- foe , •)

In this space of polynomials , we can thendefined
( f , g) = ) ffixgix) e-* dx ,

-• j
which always converges (as long as N is finite) ,
and youkstospies all the properties
of the scalar product definition .



•
We could have defined this product differently I
F- 9 .

If , g) = [ fixigcx e- × dx
or

(f. g) = ftp.#xnt.Y
• More generally , any weight functions WH) > 0 such

that

[ fcidgcxwcxdx converges , is allowed

and yields a good inner product.

WIEavmgcninnerproductspc.ee?-
• Orthogonality makes sense :

F. Ñ are orthogonal iff (T
,

T ) = 0

• Maguitudeofar :

/v7 = Kg jvitvii-I.in/R3
\ fcxlflxlwixdx)%

• Projection :

→ ≤ ¥, ,¥, ≤ 1

Is
"

How much of T points in the
direction of w_ (or vice versa)

"



• Distance : %

µ- Ñ ,
J - Ñ)) ≥ 0 distance between Fandi .

• w→

• Cauchy - Schwartz inequality proof :

I&ñH≤1vT
Use a smart wear combination :

① FIFI - ÑITI = I (E. Ñ ) ≥o

Expanding ,

☒ PITT - Zlillwlviw) ≥ o

*Hlñi -41*110×7 ≥ .
F.ltwl - E ,wT≥o

② FIFI -1 ÑITI = 5 (IJ ) ≥o

F.1.101 + d- iw) ≥ a

QED .

• Triomgleiregabty
ITtwl ≤ lil + iwi /Ñ
-a-


